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In this document, we provide a comprehensive abstract of the article [6], which is currently a preprint
available on arXiv.4 We discuss the context in which our work takes place, its contributions, related
work, and we sketch the content of the upcoming student presentation at MOVEP 2020.
Controller synthesis through the game-theoretic metaphor. Two-player games on (finite)
graphs are studied extensively, in particular for their application to controller synthesis for reactive
systems (see, e.g., [26,30,7,2]). The seminal model is antagonistic (i.e., zero-sum if one chooses a
quantitative view): player 1 (P1 ) is seen as the system to control, player 2 (P2 ) as its antagonistic
environment, and the game models their interaction. Each vertex of the game graph (called arena)
models a state of the system and belongs to one of the players. Players take turns moving a pebble
from state to state according to the edges, each player choosing the destination whenever the pebble is
on one of his states. These choices are made according to the strategy of the player, which, in general,
might use memory (bounded or not) of the past moves to prescribe the next action.
The resulting infinite sequence of states, called play, represents the execution of the system. The
objective of P1 is to enforce a given specification, often encoded as a winning condition (i.e., a set of
winning plays) or as a payoff function to maximize (i.e., a quantitative performance to optimize). This
paradigm focuses on the worst-case performance of the system, hence P2 ’s goal is to prevent P1 from
achieving his objective.
The goal of synthesis is thus to decide if P1 has a winning strategy, i.e., one ensuring a given winning
condition or guaranteeing a given payoff threshold, against all possible strategies of P2 , and to build
such a strategy efficiently if it exists.
Winning strategies are essentially formal blueprints for controllers to implement in practical
applications. Therefore, the complexity of these strategies is of tremendous importance: the simpler
the strategy, the easier and cheaper it will be to build the corresponding controller and maintain it.
This explains why a lot of research effort is constantly put in identifying the exact complexity (in
terms of memory and/or randomness) of strategies needed to play optimally (i.e., to the best of the
player’s ability) for each specific class of games and objectives (e.g., [24,16,14,33,19,10,1,4,32,5,11]).
Alongside the practical interest of this question lies the theoretical puzzle: understanding the underlying
mechanisms and implicit properties of games that lead to “simple” strategies being sufficient. Given the
numerous connections between two-player games and various branches of mathematics and computer
science, this fundamental question has interest in its own right.
Memoryless optimal strategies. Remarkably, several canonical classes of games that have been
around for decades and proved their usefulness over and over — e.g., mean-payoff [17], parity [18,34],
or energy games [12] — share a desirable property: they all admit memoryless optimal strategies for
both players. That is, for every strategy σi of Pi , there is a strategy σiML which is at least as good (i.e.,
wins whenever σi wins or ensures at least the same payoff) and that uses no memory at all. Such a
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memoryless strategy always picks the same edge when in the same state, regardless of what happened
before in the game.
Memoryless strategies are the simplest kind of strategies one can use in a turn-based game on a graph.
Therefore, it is quite interesting that they suffice for objectives as rich as the ones we just discussed.
Following this observation, a lot of effort has been put in understanding which games admit memoryless
optimal strategies, and in identifying the exact frontiers of memoryless determinacy. Let us mention,
non-exhaustively, works by Gimbert and Zielonka [23,24] (culminating in a complete characterization),
Aminof and Rubin [1] (through the prism of first-cycle games), and Kopczynski [29] (half-positional
determinacy). All these advances were built by identifying the common underlying mechanisms in ad
hoc proofs for specific classes of games, and generalizing them to wide classes (e.g., the first-cycle games
of Aminof and Rubin are inspired by the seminal paper of Ehrenfeucht and Mycielski on mean-payoff
games [17]).
Gimbert and Zielonka’s approach. Arguably, the most important result in this direction is the
complete characterization of preference relations admitting memoryless optimal strategies, established
in [24], fifteen years ago. This result can be stated as follows: a preference relation admits memoryless
optimal strategies for both players on all arenas if and only if the relation (used by P1 ) and its inverse
(used by P2 ) satisfy two properties (namely, monotony and selectivity).
As a by-product of their approach, Gimbert and Zielonka proved another great result, of high
interest in practice [24, Corollary 7]: if memoryless strategies suffice in all one-player games of P1 and
all one-player games of P2 , they also suffice in all two-player games. Such a lifting corollary provides a
neat and easy way to prove that a preference relation admits memoryless optimal strategies without
proving monotony and selectivity at all : proving it in the two one-player subcases, which is generally
much easier as it boils down to graph reasoning, and then lifting the result to the general two-player
case through the corollary.
The rise of memory. Over the last decade, the increasing need to model complex specifications has
shifted research toward games where multiple (quantitative and qualitative) objectives co-exist and
interact, requiring the analysis of interplay and trade-offs between several objectives. Hence, a lot of
effort is put in studying games where objectives are actually conjunctions of objectives, or even richer
Boolean combinations. See for example [15] for combinations of parity, [13,16,28] for combinations of
energy and parity, [33] for combinations of mean-payoff, [5,4] for combinations of energy and averageenergy, [11] for combinations of energy and mean-payoff, [14] for combinations of total-payoff, or [14,10,8]
for combinations of window objectives.
When considering such rich objectives, memoryless strategies usually do not suffice, and one has to
use an amount of memory which can quickly become an obstacle to implementation (e.g., exponential
memory) or which can prevent it completely (infinite memory). Establishing precise memory bounds
for such general combinations of objectives is tricky and sometimes counterintuitive. For example, while
energy games and mean-payoff games are inter-reducible in the single-objective setting, exponentialmemory strategies are both sufficient and necessary for conjunctions of energy objectives [16,28] while
infinite-memory strategies are required for conjunctions of mean-payoff ones [33].
A natural question arises: which preference relations do admit finite-memory optimal strategies?
Surprisingly, whether an equivalent to Gimbert and Zielonka’s characterization could be obtained in
the finite-memory case or not has remained an open question up to now. It is worth noticing that such
an equivalent could be of tremendous help in practice, especially if a lifting corollary also holds: see for
example [5,4,11], where proving that finite-memory strategies suffice in one-player games was fairly
easy, in contrast to the high complexity of the two-player case — a lifting corollary could grant the
two-player case for free!
Having said that, one has to hope that the following result can be established: “if finite-memory
strategies suffice in all one-player games of P1 and all one-player games of P2 , they also suffice in all
two-player games.” Unfortunately, we will show during the talk an example illustrating that such a
result does not hold in practice.

Our approach. We generalize Gimbert and Zielonka’s results — characterization and lifting corollary
— to the case of arena-independent finite memory. That is, we encompass all situations where the
amount of memory needed by the two players is solely dependent on the preference relation (e.g., colors,
dimensions of weight vectors), and not on the game arena (i.e., number of edges/states). Let us take
some classical examples to illustrate this notion.
– All memoryless-determined relations — studied in [24] — use arena-independent memory: the
amount of memory required, none, is the same for all arenas.
– Combinations of parity objectives use arena-independent memory [15]: the amount of memory
only depends on the number of objectives and the number of priorities — both parameters of the
preference relation, not on the size of the arena.
– Lower- and upper-bounded energy objectives also use arena-independent memory (see, e.g., [3,5,4]):
the memory only depends on the bounds — parameters of the preference relation, not on the size
of the arena, nor the weights used in it.
– Combinations of lower-bounded energy objectives (with no upper bound) require arena-dependent
memory [16,28]: the memory depends on the size of the arena in addition to the weights used in it.
Such a setting falls outside the scope of our results.
This restriction to arena-independent memory is natural given that there are counterexamples to a
general approach. It is also important to note that it is not as restrictive as it may seem, as hinted by
the examples above: we are not restricted to constant memory but to memory only depending on the
parameters of the preference relation (or equivalently, objective), and not of the arena. This framework
thus already encompasses many objectives from the literature, as well as possible extensions.
Let us highlight however that the arena-independent case, which we solve here, is an exact equivalent
to Gimbert and Zielonka’s results in the finite-memory case: the memoryless case is de facto arenaindependent. Therefore, this paper strictly generalizes [24] and captures lots of widely-studied classes
of games.
Related work. We have already discussed many important related papers, notably [24]. Following
the same motivation as our work — the need to characterize (combinations of) objectives admitting
finite-memory optimal strategies, Le Roux et al. [32] take another road: whereas our work permits to
lift results from one-player games to two-player games, they provide a lifting from the single-objective
case to the multi-objective one.
Our work focuses on deterministic turn-based two-player games. Sufficient conditions have been
published for stochastic models but to the best of our knowledge, no complete characterization, even for
the simplest case of Markov decision processes (e.g., [21]). Two unpublished articles contain interesting
results on stochastic games [25,22], including an extension of Gimbert and Zielonka’s original work, by
the same authors [25]. Whether part of our approach can be useful to tackle the finite-memory case
in this context, or in richer contexts mixing games and stochastic models (e.g., [9]) is a question for
future research. Some sufficient criteria, orthogonal to our approach, were studied for concurrent games
in [31].
Outline of the talk. In the talk, we will recall Gimbert and Zielonka’s results [24], and explain the
main challenges to extend them from memoryless determinacy to finite-memory determinacy. We will
justify why the case of arena-independent finite memory is relevant, both because it is necessary to
obtain a natural generalization from [24] and because of its applicability. We will also discuss how it
paves the way to the arena-dependent case, and difficulties to generalize the results in this direction.
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