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1 Introduction6

Our goal is to provide a specification language for distributed algorithms designed for an7

unbounded number of participating processes which manipulate data. Hence consider an8

extension of first-order logic named IO-FO in which we can specify input and output of9

distributed algorithms. In the setting of distributed algorithms we have a unorganized cloud10

of computing units. So the models of IO-FO are algebraic structure consisting of a universe11

and functions assigning to each element a letter and two integers. A letter represents a state12

of the computing unit like “running”, “finished” or “crashed”. The two integers represent13

two data values of the element. The first one representing an input value whereas the second14

one is used for output value. We remark that for many distributed algorithms the precise15

value of the input/output values does not really matter, but what is important is the relation16

between these values. For example if the data values represent identifiers the only interesting17

thing is to know if two identifiers are equal or not. So the logic IO-FO can not directly18

specify the value of the integers but can only compare if two integers are equal. Our logic19

IO-FO[Σ] is powerful enough to specify consensus. The consensus problem can be stated as20

follows: we have n > 0 processes with an initial value and the algorithm should ensure that21

at the end they all suggest the same data value chosen among the initial ones. Here is an22

illustration for five processes:23

24

In the literature, logics to describe structures equipped with data have already been25

considered, in particular in the field of database model. For instance in [1] the authors26

propose an extension of first order logic equipped with a total order and an equivalence27

relation to describe data words, an extension of words where at each position there is a letter28

and a data. For this latter logic, the satisfiability problem is undecidable but decidability29

can be regained by restricting to two the number of used variables. In [4], it is shown30

that the satisfiability problem for two-variables formulae of first logic with two equivalence31

relations (i.e. elements of the models have two data) and no linear order is decidable and32

in 3NEXPTIME (in [3] it is shown that this problem is 2NEXPTIME-hard). In this work,33

instead of limiting the number of variables in the formulae, we choose a different approach:34

we prevent the logic to speak about the neighborhood’s neighborhood of an element. We35

call the obtained logic Loc-IO-FO[Σ]. When comparing the expressiveness, two-variable36

first-order logic can be embedded in our logic but it is not known yet whether the converse37
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holds. Until now our work has focused on the satisfiability problem. A next step would be38

to see how our logic can be used to verify in practice some distributed algorithms.39

2 Local Input-Output first order logic40

We fix a nonempty finite alphabet Σ and a countable infinite set of variables Var.41

The set IO-FO[Σ] of first-order formulas is given as follows:42

ϕ :: = a(x) | x = y | ϕ ∨ ϕ | ¬ϕ | ∃x.ϕ | x ∼i i y | x ∼i o y | x ∼o i y | x ∼o o y43
44

where a ∈ Σ and x, y, z ∈ Var.45

Models will be structures equipped with a set of elements labeled with one letter and46

two data values. To put it formally a model is a tuple A = (A, `, I, O) where A is a set47

and ` : A → Σ and I,O : A → N are three functions. We say that A is finite if A is48

finite. A context is a function from the set of variables Var to the carrier of a model. Let49

A = (A, `, I, O) be a model, ϕ a IO-FO[Σ] formula and Γ be a context. We define the relation50

A,Γ |= ϕ inductively on ϕ by:51

A,Γ |= a(x) if `(Γ(x)) = a52

A,Γ |= x = y if Γ(x) = Γ(y)53

A,Γ |= z ∼i i x if I(Γ(z)) = I(Γ(x))54

A,Γ |= z ∼i o x if I(Γ(z)) = O(Γ(x))55

A,Γ |= z ∼o i x if O(Γ(z)) = I(Γ(x))56

A,Γ |= z ∼o o x if O(Γ(z)) = O(Γ(x))57

A,Γ |= ϕ ∨ ϕ′ if A,Γ |= ϕ or A,Γ |= ϕ′
58

A,Γ |= ¬ϕ if we do not have A,Γ |= ϕ59

A,Γ |= ∃x.ϕ if there exists an element e of A such that A,Γ[x← e] |= ϕ60
61

If ϕ is a closed formula, A,Γ |= ϕ does not depend on Γ so we write A |= ϕ whenever there62

exists a context Γ such that A,Γ |= ϕ. We say that a formula ϕ is (finitely) satisfiable if63

there is a (finite) model A such that A |= ϕ. Given a set S of formulae of IO-FO[Σ] we define64

the finite satisfiability problem for S as given a closed formula ϕ of S decide if ϕ is finitely65

satisfiable. We can specify the consensus problem with the following formula ϕcon (where66

qf ∈ Σ means the process finished):67

ϕcon = ∃x.(x ∼i o x∧∀y.(x ∼i o y ∧ qf (y))).68

We are able to know the difficulty of the finite satisfiability problem by reducing from69

satisfiability of first-order logic on undirected finite graphs, which is undecidable [5].70

I Theorem 1. The finite satisfiability problem for IO-FO[Σ] is undecidable.71

This result motivates the study of fragments of IO-FO[Σ]. We propose the logic72

Loc-IO-FO[Σ]:73

ϕ :: = ψz(z) | x = y | ∃x.ϕ | ϕ ∨ ϕ | ¬ϕ74

ψz :: = a(x) | x = y | ∃x.ψz | ψz ∨ ψz | ¬ψz | z ∼i i y | z ∼i o y | z ∼o i y | z ∼o o y7576

where a ∈ Σ and x, y, z ∈ Var and with the three restrictions that in ψz(z), there is one77

free variable z, that every comparison in terms of ∼ has to involve z and that in ∃x.ψz the78
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variables x and z must be distinct. In a sense, this is a kind of guarded fragment. Every79

Loc-IO-FO[Σ] formula can be seen as a IO-FO[Σ] formula in a straightforward way: it suffices80

to replace in the syntax tree every ψz by a ϕ. So we can see Loc-IO-FO[Σ] as a fragment of81

IO-FO[Σ]. The formula ϕcon is in Loc-IO-FO[Σ]. In order to be convinced we rewrite ϕcon82

by putting square brackets where we have ψx(x):83

ϕcon = ∃x.[x ∼i o x∧∀y.(x ∼i o y ∧ qf (y))].84

An example of a formula which is not in Loc-IO-FO[Σ] could be85

∀x.∃y.∃z.x ∼i i y ∧ y ∼o o z ∧ a(z).86

Intuitively in Loc-IO-FO[Σ] we can not specify neighborhood’s neighborhood of an element.87

3 Satisfiability of local ioFO88

We believe that the satisfiability of Loc-IO-FO[Σ] is decidable even though we do not have a89

proof yet. So far we have proven the decidability of the finite satisfiability for the existential90

fragment and obtained in this case the exact complexity bound. Furthermore we have as91

well an NEXPTIME lower bound for the general case.92

By FO[Σ] we denote the subset of IO-FO[Σ] formulae which do not use the symbol ∼93

(note that those formulae are Loc-IO-FO[Σ] too). We are able to decide the complexity and94

we show:95

I Theorem 2. Finite satisfiability for FO[Σ] is PSPACE-complete.96

We proved this by showing that FO[Σ] satisfies a small model property by means of97

Ehrenfeucht-Fraïssé games. This result may seem contradictory with Theorem 10 from [2]98

which states that the satisfiability of two-variable first-order logic with equality and unary99

predicates is NEXPTIME-complete. That’s because in [2] on an element of a model any100

number of predicates can hold whereas in our logic exactly one predicate holds.101

Next we define the existential fragment ∃Loc-IO-FO[Σ] as follows:102

ϕ :: = ψz(z) | x = y | ¬(x = y) | ∃x.ϕ | ϕ ∨ ϕ | ϕ ∧ ϕ103

ψz :: = a(x) | x = y | ∃x.ψz | ψz ∨ ψz | ¬ψz104

| z ∼i i y | z ∼i o y | z ∼o i y | z ∼o o y105
106

with the same restriction on ψz(z) as for Loc-IO-FO[Σ]. Notice that the formula ϕcons107

specifying consensus is in ∃Loc-IO-FO[Σ].108

I Theorem 3. Finite satisfiability for ∃Loc-IO-FO[Σ] is PSPACE-complete.109

We proved this theorem by a reduction to FO[Σ].110

By Loc-IO-FO2[Σ], we denote the fragment of Loc-IO-FO[Σ] that uses at most two111

variable names (which, however, can be reused at discretion). By a reduction from two-112

variable first-order logic over words which is NEXPTIME-complete by [2] we obtain a lower113

bound for the complexity of our logic:114

I Theorem 4. Finite satisfiability for Loc-IO-FO2[Σ] is NEXPTIME-hard.115

In the future we aim at proving the following conjecture:116

I Conjecture 5. The finite satisfiability problem for Loc-IO-FO[Σ] is decidable.117

If it turns out that the conjecture is false then we will try to prove the decidability of formulae118

of bounded quantifier alternation at the top level. Another objective of our work is to use119

such logics to design some verification procedures of distributed algorithms.120
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